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Inverse Problem for a General Bounded Domain in
R3 with Piecewise Smooth Mixed Boundary
Conditions

E. M. E. Zayed!
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We study the influence of a finite container on an idea gas. The trace of the
heat kernel O(t) = 25—, exp(—tp,), where {p,} -1 are the eigenvalues of the
negative Laplacian —V? = — =}_; (8/6xF)? in the (X, 2, x%)-space, is studied
for a general bounded domain () with a smooth bounding surface S, where a
finite number of Dirichlet, Neumann, and Robin boundary conditions on the
piecewise smooth parts § (i = 1, ..., n) of S are considered such that S =
UL,S. Some geometrical properties of ) (the volume, the surface area, the mean
curvature, and the Gaussian curvature) are determined. Furthermore,
thermodynamic quantities, particularly the energy, for an ideal gas enclosed in
the genera bounded domain ) with Dirichlet, Neumann, and Robin conditions
are examined with the help of the asymptotic expansions of O(t) for short time
t. We show that these thermodynamic quantities depend on some geometric
properties of ().

1. INTRODUCTION

Let Q C R® be a simply connected, bounded domain with a smooth
bounding surface S. Consider the Robin problem

— VU= pu inQ (1.1)

0
(an y)u 0 onsS (1.2)
where 9/dn denotes differentiation along the inward-pointing normal to S
with u e C%Q) n C(£2). Denote its eigenvalues, counted according to the
multiplicity, by
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0<I.LISMZS|.L3S...SIJ,VS...—>OO as v - @ (13)

The Robin problem (1.1)—(1.2) has been discussed by Zayed [11] when y
is a positive constant and by Zayed [17] when +y is a smooth function which
is not strictly positive; geometric quantities associated with the bounded
domain Q) have been determined, using the asymptotic expansions of the
trace of the heat kernel

o) = i exp(—tp,) as t - O (1.4)

The Robin problem (1.1)—(1.2) has been investigated by many authors (see,
for example, refs. 2, 4-6, 8, 10) in the following specia cases:

Case 1. vy = 0 (the Neumann problem):

\Y |9 1
= + +
00 (4mt)¥2  16mt  12m¥l? L H S

7
+ 2 _ + 1/2 o 0 )
1281TL(H N)ds+ O(t¥d as t- 0" (L5

Case 2. vy — « (the Dirichlet problem):
v 9 1

o) = + H dSs
® (4nt)¥2  16mt 1273212 L

1
+ — 2 — + O(tY? - 0" .
128m L(H N)dS+ O('4) a t- 0 (1.6)

In these formulas, V, |S, H, and N are respectively the volume, the surface
area, the mean curvature, and the Gaussian curvature of (), where H =
$(UR, + 1/R,) and N = 1/RjR,, while R; and R, are the principal radii
of curvature.

Case 3 (the mixed problem). Let |S|, H, and N respectively be the
surface area, mean curvature, and Gaussian curvature of a part S, of the
surface S with the Neumann boundary conditions and let |S)|, H, and N
respectively be the surface area, mean curvature, and Gaussian curvature of
the remaining part S, = S\S, of Swith the Dirichlet boundary conditions.
Then, considering refs. 12—16, we obtain

o =L +S-1sl, 1 U HdSl+JHdSZ}
S S

(4mt)3? 16mt 1273212

1
+ oo {7L (H2 — N) dS, + L (H? — N) dSZ}
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t\ ([ 13 1
_ - 3 = 3
+ <ﬂ3) {1440 L HedS, — o LZ H dsz} + o)
as t o0 (17)

The object of this paper isto discuss the following, more general inverse
problem: Suppose that the eigenvalues (1.3) are given for the Helmholtz
equation (1.1) together with the following Dirichlet, Neumann, and Robin
boundary conditions:

u=20 on § (i=1,...,K

j_r::o on § (i=k+1,...,m (1.8)
(aini+yi>u= on § (i=m+1,...,n)

where the bounding surface S of () consists of afinite number of piecewise
smooth parts § (i = 1, ..., n) such that S= UL, § and d/dn; denotes
differentiation along the inward-pointing normal to the parts S; the y; are
positive constants.

The basic problem is to determine some geometric quantities associated
with the problem (1.1) and (1.8) by using the asymptotic expansions of the
trace of the heat kernel (1.4).

Note that the special cases of the main problem (1.1) and (1.8) have
been discussed by many authors [e.g., 8, 10, 14-16]. Therefore, this problem
can be considered as a more general one which does not seem to have been
investigated elsewhere.

2. STATEMENT OF RESULTS

Suppose that the bounding surface S of the domain () is given locally
by infinitely differentiablefunctionsx® = y*(o) (a = 1, 2, 3) of the parameters
o (i = 1, 2). If these parameters are chosen so that o' = const are lines of
curvature, the first and second fundamental forms of S can be written in
the form

2
Iy(o, Ao) = ;1 gi(0)(Ac')?

2

(o, Ac) = D) di(o)(Ad')?

i=1
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In terms of the coefficients 914, gy, di4, and dy, the principal radii of curvature
are R, = gu/dy;, and R, = gx/dx. Let |S| (i = 1, ..., n) be the surface
areas of theparts § (i = 1, ..., n) of the surface S, respectively. Let h, >
0@(=1,...,n) besufficiently small. Letn; (i = 1, ..., n) be the minimum
distances from a point x = (x%, X2, x°) of the domain Q) to the parts § (i =
1, ..., n), respectively. Let n; (o) (i = 1, ..., n) denote the inward-drawn
unit normal to the parts § (i = 1, ..., n), respectively. Then, we note that
the coordinates in the neighborhood of theparts S (i = 1, ..., n) are of the
same form as in Section 3 of Zayed [11] with the interchanges n < n;, h <
h, I < I;, C(1) < D(l;), and 8* < ;. Thus, we have the same formulas
(3.1)—(3.4) asin Section 3 of Zayed [11] with the interchanges n < n;, n(o)
- n; (0), and dS < dS.

Theorem 2.1. With the assumptions stated above, the asymptotic expan-

sion of O(t) for small time t of the problem (1.1) and (1.8) can be written
in the form

®(t)_t72+T+t72+a4+a5tﬂ2+o(t) a t- 0" (21
where, if 0 < vyi<<1(i=m+1,...,0)andy,>>1(i=c+1,...,
n), the coefficients a, (v = 1-5) can be written in the forms

vV

a = 8732

IR

Eil b :H<|s| -2yt LH dsﬂ}

z Hds+§ [6-smass $ [ wes)
i=k+1 S i=m+1 S i=c+1 S

k
{EJ H2 - NydS +7 3 f(HZ—N)ds
i=1Jg S

i=k+1

7y L [+ —3vi)2—<N—2—fv.H +477v.)] ds
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n

> f [H? = (N — 16y7*H)] ds}
S

i=c+1

1 1 & 13
= 1= H3dS + —— H3d
% = { 3155 L S 1a10 iz%—l L 3

C n

13 1
+M)i2 jS(H—3yi)3dS—3—15i2 JSH3dS}

=m+1 =c+1

From this theorem, we deduce the following corollaries:

Corollary 2.1. If we consider the problem (1.1) and (1.8) with y; >>
1(i=m+1,...,n),thentheasymptotic expansion of O(t) follows directly
from Theorem 2.1 by setting ¢ = m with 2 .., as zero.

Corallary 2.2. If we consider the problem (1.1) and (1.8) with 0 < v,
<<1l(=m+1,...,n), thenthe asymptotic expansion of O(t) follows
directly from Theorem 2.1 by setting ¢ = n with 2L, as zero.

Finally, let us add that the question raised by Kac [5], namely, “Can
one hear the shape of a drum?’ was answered negatively by Gordon et al.
[1], who showed explicitly two domains that, although they have different
shapes, they have the same eigenvalues (i.e., isospectra domains). This
theoretical result was experimentally verified recently by employing thin
microwave cavities shaped in the form of two different isospectral domains
[9]. Milnor [7] had aready showed in 1964 an example of two different
domains with the same eigenvalues, but they were two 16-dimensional tori.

3. DERIVATION OF THE RESULTS

In analogy with the two-dimensional problem [18] and considering refs.
8, 10, and 11, it is easy to show that the trace of the heat kernel ©(t) associated
with the problem (1.1) and (1.8) is given by

o) = ”JG(X, X; t) dx (3.1
0
where G (X, Xy; t) is the Green’s function for the heat equation
vay = (3.2

ot
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subject to the Dirichlet, Neumann, and Robin boundary conditions (1.8) and
the initial condition

[im G(Xq, Xo; t) = & (X1 — Xo) (3.3
t-0
where 8(X; — X) is the Dirac delta function located at the source point Xo.
Let us write
G(X1, Xo; 1) = Go(Xa, X3 1) + x(X1, X2; 1) (34)

where

Sty — -312 = x?
Go(Xy, X3 t) = (4mt) 2 exp at (3.5

is the “fundamental solution” of the heat equation (3.2), while x(Xy, X; t) is
the “regular solution” chosen in such a way that G(xy, x,; t) satisfies the
Dirichlet, Neumann, and Robin boundary conditions (1.8). On setting x; =
X, = X, we find that

o) = (417—\{)3’2 + R(t) (3.6)
where
R(t) = x (X, X, t) dx (3.7)
1]

The problem now is to determine the asymptotic expansion of R(t) ast -
0*. In what follows, we shall use Laplace transforms with respect to t, and
use &° as the Laplace transform parameter; thus we define

G(Xq, Xz, &) = J i e 5t G(xy, Xy} 1) dt (3.8

0

An application of the Laplace transform to the heat equation (3.2) shows
that G (xq, X,; &) satisfies the membrane equation

(V? — AG(Xq, Xz, ) = —8(Xy — Xp) in Q (3.9)

together with the Dirichlet, Neumann, and Robin boundary conditions (1.8).
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The asymptotic expansion of R(t) ast - 0" may then be deduced directly
from the asymptotic expansion of R(s?) as's — «, where

R(S) = J J J x(X, x; §) dx (3.10)
Q

It is well known [e.g., 8, 10, 11] that the membrane equation (3.9) has
the fundamental solution

Go (X1, X2; D) = eXP(— Sy AT xyx, (3.11)

where r,,., = [X1 — Xy is the distance between the points x; = (X}, X2, x3)
and x, = (x5, X3, x3) of the domain (). The existence of such a solution
enables us to construct integral equations for G(x,, X,; s°) satisfying the
Dirichlet, Neumann, and Robin boundary conditions (1.8) with small/large
impedances v;. Therefore, if we consider the problem (1.1) and (1.8) with
O<wyi<<l(i=m+1...,¢0)andy;>>1(=c+ 1, ...,n),then
Green's theorem gives the following integral equation:

G(Xln X2, 32) = EXp(_SI'XlXZ)/4’1TerX2

1 & d = _
+ o= E J — G (Xy, Y; 32) {exp(_sryxz)/ryxz} dy
S

2w i=1 aniy
_iﬁ [G (x '82)]i[ex(—sr )ryy.] dy
2m i 4 ,L Y Ny P Syl Ty
—zi, > J [G (xs; . )]
T i=m+1 Jg

X [(i + 'Yi) {exp (_Sryxz)/ryxz}] dy

Hniy
(38 [ [Letae)
2T =i S aniy ,
% [(1 byt %){exp(—sryxz)/ryxz}} dy (3.12)

On applying iteration methods [e.g., 11, 13, 14] to the integral equation
(3.12), we obtain the Green’s function G (x;, X,; §) which has aregular part
in the following form:



196 Zayed

_ 20
XX, Xz3 &) = (2 A,-) / 82 (3.13)

=1

1 S y
_i%&‘[ [exp( erly)/rxly] [exp( Sryxz)/ryxz] dy
- 3 [ tert-smp g { (e  lent-y il o
i=mt+1Jg iy
A=Y j o= srxly)/rxlyl{(l + w%) [exp(—sryxz)/ryxz]} dy
i=c+1 iy
k
As = E;LJ J ai [eXp(—Sl’le)/rxly] Mli(y- y’)[exp(—srerz)/rnyZ] dy dy,
I=lJs /s
Ag = ) ; J J [exp( erly)/rxly] My (y y )_ [exp( Sty xz)/ry xz] dy dy
i=k+1 s/s

A= 3 j J [eXp(— )Ty ] Ly, ()
= SJS§
' {(a—i -+ vi) e,y | by oy
hy

fa= 3 | | RS L 0y)
S-’S

i=c+1

X {(1 " vi1i> [exp(—sryrxz)/ryrle} dy dy’
Ny

k m
= _EJ { 2 J [exp(—srxly)/ rxly]M3i AD) dy}
S S

- Li=k+1Jg

X [exp(_sry’xz)/ry'xz] dy’
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m K
Ap=— 2 j {2 j i[e)(p(_srxw)/ Meay]Mai (¥, Y') dY}
S

iK1 i=1)g Ny

J '
X — [exp(_sry’xg)/ ry’xz] dy

any
K c

An = _EJ { > J [exp(—Sry)/ FxylMy, (v, ') dy}
i=1 S i=m+1 S

X [exp(_sry’xz)/ ry’xz] dy,

c Kk 9
Ap=— J {E L aTy [exp(—Srxyy)/ FxylMai (¥, ') dy}
S i

i=m+1 i=1

d /
X {(8” + 'Yi) [exp(_sry’xz)/ ry’xz]} dy
iy’

=1 iZc+1 g Ny

k n F
A13 = E J { 2 j Py [exp(_srxly)/rxly] val (y, y,) dy}
S S
X [exp(—sry/XZ)/ I'y’xz] dy,

n k F) )
A14 = E Jl“i {E Jl“i a_nly [exp(_srxly)/rxly] Iv|4i (y. y ) dy}

i=c+1 i=1
L ,
X 1+v; an [exp(_sry’xz)/ry’xz] dy
iy’
i=k+1 i=m+1

As= 3 J { S j [eXP(— )] M, (1Y) dy}
S S

d '
X — [exp(_sry’xz)/ I’y’xz] dy

aniy/
A = ) i J { §4 J’ [exp(_srxly)/rxly] Mai(y, y,) dy}
i=m+1 S i=k+1 S

<l wrewsn o

Air = — g j{ 2”: J i[‘3Xp(_erly)/rxnf] Ly (v y") dy}
S S

iZk+1 Jg Lifor1 Jg 0Ny

197
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d '
X _[exp(_sry’xz)/ry'xz] d y

Ny
Aig=— 2 f{ > J [exp(—Srxy)/TxayIMsi (¥: Y') dy}
i=c+1 S i=k+1 S

d
X {(1 + yrlm )[exp(—sryrn)/ryer]} dy’

y

Ay = — i L{ i Lainiy[e)(p(_srxly)/rxw] L2 (v,y) dy}

i=m+1 i=c+1

X {(% + vi>[exp(—sr y/xz)/ryrle} dy’

Ap=— i { i J [eXP(—Srx 1)/ Myl My, (v, Y) dy}
S

i=c+1 Li=m+1

a !
« {(l + vilaT>[eXp(‘“y’*2)’”’X2]} v
iy’

where we deduce also that
Mu(y,y) = 2 KO, Y)

, d
Ky, y') = T [exp(—sry )/ry /2w
iy

May,y') = 3, (-2 K§,Y)

0

KO, y) = -
iy

[exp(_sry’y)/ry’y]IZw

Ly y) = 2 (DK, y)

Oy v) = 42 4+ _

€90.y) = { (5 + v lewt-s, 01} 2
iy

Ly, y) = 20 K& (y, y')
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2
KRy, y) = {(L +yit d )[eXp(_sry'y)/ry’y] }/2“'

Ny, Ny, anyy

Ms(y, y') = 20 K (v, y')

2

Kg?)(y, y') = [exp(_sry'y)/ry'yllzw

My ANy
Ma(y, y') = ZO (=" K@ (v, y")
KD (v, y') = [exp(—sryy)ry )/2m

M. (v, y') = io (="K ¥)

*KO (y, y') = {( d i i) [eXp(_Sry’y)/ry’y]}/ZTr

Ny, anyy any,

%

Lxa(y,y) = 2 *KPi(y, y)

v=0

KP(y,y) = {(1 + oyt ainiy)[exp(_Sry’y)/"y'y]}/ZF"r

In these formulas we note, for example, that the K{ (y, y’) are the
iterates of K{?(y, y’). On the basis of (3.13), the function (x4, X,; ?) will
be estimated for large values of s together with small/large impedances ;.
The case when x; and x, lie in the neighborhood of the piecewise smooth
patsS (i = 1, ..., n) is particularly interesting. For this case, we use the
local expansions of the functions:

9

aniy [exp(—srxy)/rxy] (3-14)

exp[(— ery)/rxy] )

when the distance between x and y is small, which are very similar to those
obtained in Sections 4 and 5 of ref. 11. Consequently, the local behavior of
the kernels

KOy, y), KRy, y), KQv.y), KRvy), (=1...,n)
(3.15)

when the distance between y and y’ is small follows directly from the
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knowledge of the local expansions of (3.14). Similarly, when the distance
between y and y’ is small, and for small/large impedances v;, the loca
behavior of the kernels

KOW.y), KQuy,y), *KOy,y), *KO@uy,y) (i=1...,n)
(3.16)
follows directly from the knowledge of the local expansions of (3.14).
Definition 3.1. If & and &, are pointsinthe half-part £ > 0, then we define
pz = [(& — €)* + (& — &) + (& + )77

An €' (&, &; 9 function is defined for points &€, and &, belongs to
sufficiently small domains D(l;}) (i = 1, ..., n) except when §; = &, < |;,
and \ is called the degree of this function. For every positive integer [J, it
has the following local expansion [8, 11, 14]:

1 12 I3
(6 &9 = 2 16D, D@7 () (35 (7]
| o)

P12

+ RY&w & 9) (3.17)

where =* denotes a sum of a finite number of terms in which (&1, £3) is an
infinitely differentiable function. In thisexpansion py, pa, 1, |2, I3 are integers,
wherep, = 0,p, = 0,1, = 0,1, =0, and A = min(p, + p, — Q), where q
= |, + I, + |3, and the minimum is taken over all terms which occur in the
summation =*. The remainder RY(&;, &,; S) has continuous derivatives of
order d = [ satisfying

DRYEL £29) = O{s “exp(—Aspa)} & s— = (318

where A is a positive constant.

Thus, using methods similar to those in Sections 6—10 of Zayed [11],
we can show that the functions (3.14) are €* functions with degrees A = —1,
—2, respectively. Consequently, the functions (3.15) are €* functions with
degrees\ = 0, 0, —1, 1, respectively, while for small/large v;, the functions
(3.16) are € functions with degrees A = 0, 0, —1, 1, respectively.

Definition 3.2. If x, and X, are points in large domains ) + S (i = 1,
..., h), then we define

Fp = Min(ry,y + ) if yeS(@{i=1...,K
y

Riz = min(ry,y + ry,y) if yeS(ii=k+1,...,m)
y
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F = min(re,y + rey) if yeS(i=m+1,...,0
y

RY, = min(ry,, + ry,y) if yeS(i=c+1,...,n)
y

An EMXq, Xp; ) function is defined and infinitely differentiable with
respect to X, and x, when these points belong to large domains Q) + S (i =
1, ..., n) except when X, = X, € S. Thus, the E* function has a similar
local expansion to the e function [8, 11, 14].

With the help of Section 8 in ref. 11, it is easily seen that the formula
(3.13) is an E (x4, X»; s) function and consequently we have the estimate

m

_ K
G(Xy, Xz; §) = ;l Ofr i# exp(—Asrp)} + | > Of{R exp(—AsRy)}

k1

C n

+ 2 O{rp ep-As Y} + 3 O[R;, " ep(-AR))
(3.19)

which is valid for s —» o and for small/large impedances vy;, where A, are
positive constants. The estimate (3.19) showsthat G(x,, X,; §°) isexponentially
small for s large. This proves that G (X4, X,; $°) converges for s — . With
reference to Section 10 in Zayed [11], if the ' expansions of the functions
(3.14)—(3.16) are introduced into (3.13) and if we use formulas similar to
(6.4) and (6.9) of Section 6 in ref. 11, we obtain the following behavior of
X(X1, X2; §%) when ry,, R, 1'%, and R%, are small, which is valid for s — «
and for small/large ~;:

X(X1, Xp; &) = 21 Xi (X1, X2; ) (3.20)

where (a) if X, and x, belong to sufficiently small domainsD(l}) (i = 1,. .., K),
_ exp(—

%0 9) = ~ 2P ot ep-Asp) (320

8mp12
(b) if x, and x, belong to sufficiently small domainsD(l;)) (i =k + 1,...,m),

exp(—Ssp)

8 + Of p1z" exp(—Asp12} (3.22)
P12

Xi(xll X2, 82) =

(c) if x, and x5, belong to sufficiently small domainsD(l;)) i =m+1,...,c),
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N
>‘<i<x1,x2;s2)=8iﬂ{1_m<a> }M

9_“5? P12
+ O{p1z" exp(—A sp12} (323
(d) if x, and x, belong to sufficiently small domainsD(l;)) i =c+ 1,...,n),
_ ca L[ 9] exp(=Spw)
Xi (X1, X2; Sz) = T8r {1 Yi (3%%)} 12
+ Ofp1st exp(—Aisp1a} (3.24)

Whenrp, =8, >0(=1,...,K,R,=8>0(=k+1,...,m),
r,=96>0(=m+1...,¢,andR},=8>0(=c+1,...,n)the
function x (X1, X5; S is of the order O{exp(—Bs)} ass — », B = const >
0. Thus, since

* yk
lim 72 = jim Rz g M2 Rz
ri2-0 P12 Ri2-0 P12 0 P12 R0

1
P12

[8, 11], then we have the asymptotic formulas (3.21)—(3.24) with py, in the
small domains D(l;) (i = 1, ..., n) are replaced by ry,, Ry, 11, R in the
large domains () + § (i = 1, ..., n), respectively.

Sincefor &€= h >0 (i =1, ..., n) the functions x; (x, x; s°) are of
order O{exp(—2A sh}, the integra over Q) of the function X(x, x; °) can
be approximated in the following way [see (3.10)]:

R =3 L

i=1

J ) Xi(x, % ) {1 — 28%H + (£9)°N} d&® dS

£=0
+ éO{exp(—ZA-shi} a8 s (3.25)

If the €* expansions of ¥; (x, X; %) are introduced into (3.25), then with
the help of the formula (11.2) of Section 11 in Zayed [11], we deduce after
inverting Laplace transforms and using (3.6), that the asymptotic expansion
(2.1) has been constructed, and the proof of Theorem 2.1 follows. m

4. AN APPLICATION OF THE INVERSE PROBLEM FOR AN
IDEAL GAS

With reference ref. 3, we are interested in examining how the thermody-
namic properties of anideal gasareinfluenced by the geometry of itscontainer.
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The thermodynamic properties of an ideal gas can be extracted from the
partition function

Z
Z= = 4.1)
where r is the number of particles and z is given by
z =3 exp(— BEy) (4.2)

where B = (KgT) %, Kg is Boltzmann's constant, and T is the absolute
temperature. The eigenvalues (energy levels) of one particle E, are obtained
from the stationary states W(x, t) = u(x) exp(—iEt/h) of the time-dependent
Schrodinger equation

h2

_in
oM Va + VX)§ = ih p 4.3

with V = 0, where M is the mass of the particles and h is the Planck constant.
Thus u(x) obey the Helmholtz equation (1.1) with w = 2ME/h? and with
Dirichlet, Neumann, and Robin boundary conditions (1.8). Note that the trace
of the heat kernel O(t) given by (1.4) of Section 1 formally is the same as
the one-particle partition function z(8) given by (4.2).

The purpose of this section is to use our main result (2.1) of Section 2
to derive a general expression for the corrections to the thermodynamic
quantities, particularly the energy for an ideal gas due to a large but finite
container volume.

Following Section 2, we can obtain information about the shape of the
domain by studying the asymptotic value of the sum (4.2) withp - O (i.e,
T - o, the ideal gas case). Noting that the eigenvalue problem of the
Schrodinger eguation is the same as the eigenvalue of the wave equation
with Dirichlet, Neumann, and Robin conditions, we can use directly our
result (2.1) replacing t by (h%/2M)g. Let us now consider the general partition
function (4.1). Using directly the result (2.1) with B - 0, we find that
equation (4.2) gives

3/2 1/2
- 3 B 3
h2 12
+ (m) asB? + O(p) (44)

We set out to apply this formula to thermodynamic quantities such as the
internal energy U = — ((3/0B) In Z),,,, the pressure P = B~%((3/0V) In Z),,



204 Zayed

and the specific heat C = (9U/dT),,, among others. In the case of the internal
energy, we obtain

3/2 1/2
9 2M 2M 2M
o=-rm() we (F)5 (R) mee
h2 1/2
+ (m) agB? + O(B)} (4.5)

Now, differentiating, expanding in powers of B = (KgT)™%, and using the
definition of the thermal wavelength A(T) = (2nh?MKgT)Y?, we obtain
2
3 =) 1 |: a 2a3:|
U(T) =ZrKgTi1— AT +— 2] - =B AT
M=3 { NIRRT (a) = | D

1 [<32>3 _ % + 3_a-4:| AS(T)
a

- 24’1T3/2 ;1 a% 1
1 [(a\' 4aa, 483 a\  da
+ 2) 2 T4 o[ ZB) — B AYT) + O(AX(T
182 [(al) .~ 2 a, a (T) + O(AX(T))

Similar expressions hold for the pressure and the specific heat.

Thus, we have investigated the influence of the finite container () on
the thermodynamic quantities of an ideal gas. The calculations are based on
the asymptotic expansion formula (2.1) of the spectrum of the Laplacian.
The energy is obtained by the formula (4.6) as an expansion in powers
of the therma wavelength, whose coefficients depend on some geometric
properties of the container (). Thus, in principal, an idea gas could feel
some aspects of the shape of its container.

We close this section with the remark that Gutierrez and Yanez [3] have
recently constructed a formula similar to our formula (4.6) but for a smply
connected bounded domain with Dirichlet condition by using Waechter’s
formula (1.6) [10]. Of course, according to Gordon et al. [1], there are
domains where, although different in shape, the thermodynamic properties
of an ideal gas will be exactly the same, independent of the order of the
approximation in (4.6). In this sense, an idea gas cannot feel the shape of
its container, although it can feel some geometric properties.
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